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In [7] T produced natural derivation systems, including demonstration of
soundness and completeness, for each of the logics described in the first edi-
tion of Priest, An Introduction to Non-Classical Logic [3]. The first edition of
Priest’s book is Part I of the second edition. Eventually, I hope to complete
the project, providing natural derivation systems for the quantified versions
in Part II. In the meantime, without including parts for soundness and com-
pleteness, this document simply extends the previous paper to account for
additions and changes in the first part of the new edition.

Thus, as before, I provide an alternative or supplement to the semantic
tableaux of his text. Some of the derivation systems may also be of interest
in their own right. They are all Fitch-style systems on the model of [1, 6],
and many other places. Though a classical system is presented for chapter
1, prior acquaintance with some such system is assumed. Associated goal-
directed derivation strategies are discussed extensively in [6, chapter 6].

Except that some chapters are collapsed, there are sections for each chap-
ter in the first part of Priest’s book, with an additional section on four-valued
relevant logic. In each case, (i) the language is briefly described and key se-
mantic definitions stated, and (ii) the derivation system is presented with
a few examples given. For those with interest, demonstration of soundness
and completeness should be straightforward given background and strategy
from the published paper.

*Thanks to all!
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1 Classical Logic: CL (ch. 1)

1.1 Language / Semantic Notions

LCL The LANGUAGE consists of propositional parameters pg,p; ... com-
bined in the usual way with the operators, =, A, V, D, and =. So
each propositional parameter is a FORMULA; if A and B are formulas,
so are =A, (AANB), (AV B), (AD B) and (A = B).

ICL An INTERPRETATION is a function v which assigns to each proposi-
tional parameter either 1 (true) or 0 (false).

TCL For complex expressions,

(=) v(=A) =1if v(A) =0, and 0 otherwise.

(N) v(AANB) =1ifv(A) =1 and v(B) = 1, and 0 otherwise.
(V) v(Av B) =1if v(A) =1 or v(B) =1, and 0 otherwise.
(D) v(AD B)=1ifv(A) =0 or v(B) =1, and 0 otherwise.
(=) v(A=B) =1if v(A) = v(B), and 0 otherwise.



For a set I' of formulas, v(I') = 1 iff v(A) =1 for each A € T'; then,

VCL T |5, A iff there is no CL interpretation v such that v(I') = 1 and
v(A) =0.

1.2 Natural Derivations: NCL

NCL is just the sentential portion of the system ND from [6, chapter 6].
Refer to that source for examples and further discussion (compare, e.g., [1]).
Every line of a derivation is a premise, an assumption, or justified from
previous lines by a rule. The rules include introduction and exploitation
rules for each operator, and reiteration. In the parenthetical “exit strategy”
for assumptions, ‘¢’ indicates a contradiction is to be sought, ‘g’ a goal at
the bottom of the scope line.

R (reiteration) —I (negation intro) —E (negation exploit)

a|P a| | P A (e, 1I) a| | P A (¢, —E)
P R
‘ Q Q
b| | -Q b| | -Q
-P a-b -1 P a-b —E

AI (congunction intro)

S|

p
Q

S

PAQ a,b NI

VI (disjunction intro)

AE (conjunction exploit)

alPNQ

P a ANE

VI (disjunction intro)

a

AE (conjunction exploit)

PAQ

Q a AE

VE (disjunction exploit)

a|P a|P alPVvQ@Q
b| | P A (g, a VE)
PVQ a VI QVP a VI
c| | R
DI (conditional intro) DE (conditional exploit)
d A VE
al | P A(g, D)  a|lPoQ Q (g, a VE)
b|P
R
b11e b DE e R b-c,d-e VE
a,b-c,d-e
P>Q a-b DI Q 40 2 e



=I (biconditional intro) =E (biconditional exploit) =E (biconditional exploit)

al| | P A (g, =I) a|P=Q a|P=Q
b| P b| @
b
@ Q a,b =E P a,b =E
c *Q A (g, =I)
d| |P
P=Q a-b,c-d =1

NCL T Ky, A iff there is an NCL derivation of A from the members of I'.

As derived rules, we accept the following “ordinary” and “two-way”
rules. The “two-way” rules are usually presented as replacement rules. Inso-
far as we will not have much call to use then that way, in order to streamline
demonstrations of soundness, we treat them just as ordinary rules which
work in either direction — where it is trivial that the rules are in fact derived
in this sense from the rules of NCL.

Ordinary Derived Rules

modus tollens negated biconditional disjunctive syllogism
MT|P>Q NB|P=Q |P=Q DS|PvQ |PvQ
-P -Q -P Q P

Two-way Derived Rules

DN P a» —=P double negation

Com PAQ <> QAP commutation
PVQ@ 1> QVP

Assoc PA(QAR) a> (PAQ)AR association
PV(QVR) a> (PVQ)VR

Idem P <> PAP idempotence
P <> PVP

Impl PD>Q <> -PVQ implication

“PD>Q <> PVQ

Trans PD>Q <> -Q D -P transposition
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Examples.

“(PAQ) <> =PV -Q
~(PVQ) <> ~PA-Q

P>(QDR) <> (PAQ)DR

P=Q <> (PD2Q)A(QDP)
P=Q <> (PAQ)V (=P A-Q)

PA(QVR) a0 (PAQ)V (PAR)
PV(QAR) < (PVQ)A(PVR)

De Morgan

exportation

equivalence

distribution

Here are derivations to demonstrate the first form of Impl

(among the relatively difficult of derivations for the derived rules).

“PVQhyr PDQ

1

R g O Ut s W N

10

11
12
13

-PVQ

P

A (g,1 VE)
A (g, O
A (¢, —E)

2R
3R
4-6 -E
3-7 DI

A (g9,1 VE)
A (g, DI)

9R
10-11 DI
1,2-8,9-12 VE

PDQka " PVQ

1

© 0 O Tk W N

—
o

PDOQ P
:(—\P\/ Q) A (C7 _'E)
P A (¢, D)
Q 1,3 DE
-PVQ 4 vI
-(=PVQ) 2R
-P 3-6 —I
-PVvQ 7 VI
(=P V Q) 2R
-PVQ 2-9 -E

2 Normal Modal Logics: Ko, K, (ch. 2,3)

2.1 Language / Semantic Notions

LKa For the K« systems, the VOCABULARY consists of propositional pa-
rameters pg, p1 ... with the operators, =, A, V, D, =, O and ¢. Each
propositional parameter is a FORMULA; if A and B are formulas, so
are ~A, (AANB), (AV B), (AD B), (A= B), 0A and ¢0A.

IKa For any of these systems except Kv, an INTERPRETATION is a triple
(W, R,v) where W is a set of worlds, R is a subset of W? = W x W,



and v is a function such that for any w € W and p, v,(p) = 1 or
vy(p) = 0. For z,y,z € W, where « is empty or indicates some
combination of the following constraints,

i For any z, there is a y such that xRy extendability
P for all z, xRx reflexivity

o for all z,y, if xRy then yRx symmetry

T for all x,vy, 2, if xRy and yRz then xRz transitivity

(W, R,v) is a K« interpretation when R meets the constraints from
a.

TK For complex expressions,

-

vy (—A) =1 if v,y (A) = 0, and 0 otherwise.

(=)
(A) vw(AAB)=1if v,y(A) =1 and v, (B) = 1, and 0 otherwise.
(V) vw(AV B) =11if v, (A) =1 or v,(B) =1, and 0 otherwise.
(D) vw(A D B)=1if v,(A) =0 or v, (B) =1, and 0 otherwise.
(=) vw(A = B) =1 if vy(A) = vy(B), and 0 otherwise.

)

—~~
<

vy (0A) = 1 if some z € W such that wRx has v, (A) = 1, and
0 otherwise.

vy (OA) =1 if all € W such that wRx have v;(A) =1, and 0
otherwise.

G

For a set I' of formulas, v, (") = 1 iff v,,(A) = 1 for each A € T'; then,
VKa T' 5, A iff there is no K« interpretation (W, R,v) and w € W such
that v,(I") = 1 and v, (A) = 0.

System Kv. For Kv either accept the constraint, (v) for all z, y, xRy.
Then let everything work as before. Otherwise simplify the semantics: An
interpretation is just (W,v). For TK(O) and TK(¢) substitute,

TK (0)y vy(0A) = 1 iff for some z € W, v,(A) = 1.
(O0)y vu(OA) =1iff for all z € W, v(A) = 1.

then,

VKuv I |5, A iff there is no Kv interpretation (W,v) and w € W such
that v, (I") = 1 and v, (A) = 0.



System K!. Extend the language so that in place of O and ¢ there are
operators, [F], (F), [P], and (P). If A is a formuula, so are [FIA, (F)A, [P]A, and
(P)A. Interpretations, with constraints p, o, 7 are as in Ka. Allow also,

n For any z, there is a y such that xRy extendability

7’ For any z, there is a y such that yRx backward extendibility
0 If xRy then for some z, xRz and zRy denseness

%) If x Ry and xRz then yRz or y = z or zRy forward convergence
16} If yRz and zRx then yRz or y = z or zRy backward convergence

Then TK! includes,

([F]) vy ([F1A) = 1 iff all x € W such that wRx have v, (A) = 1.
([P]) vy (PIA) = 1 iff all z € W such that zRw have v, (A) = 1.
((F)) vy((FYA) =1 iff some x € W such that wRx has v, (A) = 1.
((P)) vy(P)A) =1 iff some x € W such that x Rw has v, (A) = 1.

and VK!, works in the usual way.

2.2 Natural Derivations: NK«

Where s is any integer, let A; be a SUBSCRIPTED FORMULA. For subscripts
s and t allow also expressions of the sort, s.t. As in Priest, intuitively,
subscripts indicate worlds, where A; is true or false at world s, and s.t
just in case world s has access to world ¢. Derivation rules apply to these
expressions. Rules for =, A, V, D, and = are like ones from before, but with
consistent subscripts. Rules for O and ¢ are new.'

R | P -1 | Ps —E| | P
P, o 0.
Q¢ Q¢
P Ps
AL | Py AE [ (P AQ)s AE | (P AQ)s
Qs
PS QS
(PAQ)s

LThere is no uniformity about how to do natural deduction in modal logic. Most avoid
subscripts altogether. Another option uses subscripts of the sort i.j...k (cf. prefixes on
tableaux in [2]); the result is elegant, but not so flexible as this account inspired by Priest,
and we will need the flexibility, as we approach increasingly complex systems.



VI | P

oI | P

P,
Y

where ¢t does not appear in
any undischarged premise
or assumption

VI

DE

oE | OoPs
s.t

Py

oI | P
s.t

0P

VE | (PVQ)s
%PS
R
<.
R,
R
=E|(P=Q)s
Qs
P
OE | 0 Ps
s.t
P
Qu
Qu

where t does not appear in
any undischarged premise
or assumption and is not u

These are the rules of NK. Other systems NK« add from the following, for

access manipulation, according to constraints in a.

AMpny | |s.t

Py
P,

where t does not appear in
any undischarged premise
or assumption and is not u

AMp

AMo | s.t

AMT | s.t
t.u

AMp has no premise. In these systems, every subscript is 0, appears in a
premise, or appears in the t-place of an accessible assumption for CI, OE,
or AMn. Where I' is a set of unsubscripted formulas, let I'g be those same
formulas, each with subscript 0. Then,



NKa I' b, A iff there is an NKa derivation of Ap from the members of
L.

Derived rules carry over from NCL as one would expect, with subscripts
constant throughout. Thus, e.g.,

MT | (P D> Q)s Impl (PD2Q)s <> (wPVQ)s
Q. (=PDQ)s <> (PVQ)s
—\PS

Allow also the additional rule for modal negation,

MN oPs <> 0P -0Ps <4 0P
OPs <> —O-Ps -0Ps <> 0P

System NKwv. For NKwv, eliminate expressions of the sort s.t and rules
for access manipulation. Let T be an arbitrary tautology (say, p O p). Then
for OI, OE, ¢I and ¢E, substitute,

olv| | Ty oEv |0Ps olv | P OEv | 0Ps
Py
P, P, OP;
opPs Qu
where t does not appear in Qu

any undischarged premise

or assumption where t does not appear in

any undischarged premise
or assumption and is not u

System NK!. Rules for NK! are like NKa except that there are the
following rules for the new operators,

FIL| |s.t FIE | [F1A, (I Ay FBE [ (F)A,
s.t s.t s.t
A A
FIA, Ay (F)As
where ¢t 4065 not appear'in Qu
o msmmpiion T Qu

where t does not appear in
any undischarged premise
or assumption and is not u



[PII| |s.t

As
P1A;

where s does not appear in
any undischarged premise
or assumption

And the following rules corresponding to the new

[PIE | [P1A¢ (P | Ag
s.t s.t
Ag (P) Ay

PYE [ (P)A;
s.t

As

Qu
Qu

where s does not appear in
any undischarged premise
or assumption and is not u

constraints on access.

Where A(i) is any expression in which ¢ appears, and A(j) is the same
expression with j substituted for 7,

AMpn | |s.t

Py
Py

where t does not appear in
any undischarged premise
or assumption and is not u

AMGS | s.t

s.a
a.t

Qu
Qu

where a does not appear in
any undischarged premise
or assumption

Examples.

AM7y | |s.t

Py
Py

where s does not appear in
any undischarged premise
or assumption and is not u

AMop |r.s

Qu
Qu

10

AMg | s.r

Qu
Qu

Here are derivations to exhibit left-hand forms of the rule for
modal negation as derived in NK (and so any NK«).
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A (g, 0I)
A (¢, )
3.4 01
2R

4-6 -1
3-7 01
1R

2-9 -E

A (g, D)
A (g, AMn)
1,2 0E

2,3 oI

2-4 AMn
1-5 DI

OP by =0 P
1|0P
oy
0.1
—|P1
o= Py
—|P1
P
—0—Py
ﬁ()‘\PO
0Py
—0=Py

© 00 N O Ot k=W N

[
o

[
—

0P by ~O-P

0.1
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And some derivations in the other other systems,

vk, OP D P

[

0Py
0.0
Py
(DP D P)o

=W N

A (¢, —I)
A (g, 2 0E)

A (¢, —I)
4R

1,3 oE
5-7 =1
2,3-8 0E
2R

2-10 —I

A (g, 10E)

A (¢, D)
2,4 ok
3R

4-6 -1
1,2-7 0E

A (g, 2D
AMp

1,2 oE
1-3 DI



Fvike P D O0P

1

S O s W N

Py
0.1

1.0

oP;

0o Py
(PD>oOoP)o

Fvicor OP D OOP

—_
o

© 00 N O Ot = W N

o Py
0.1

0.2

2.0

2.1

o Py
0o Py
oo Py
(0P D OoP)o

A (g, D)
A (g, 00)

2 AMo
1,3 oI
2-4 ol
1-5 DI

A (g, DI)
A (g, 1 0E)

A (g, 00)

4 AMo
5,2 AMT
3,6 oI
4-7 ol
1,2-8 0E
1-9 DI
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Fvier OP D 0OoP

1

0 3 O Tk W N

0Py
0.1
1.2

0.2

P

oP;

ooPy
(oP D> ooP)o

Fvo OP D OOP

1

N O Ut W N

[oP
P
T2
g
0o Py

0o Py
(0P D OoP)o

A (g, DI)
A (g, 1 0E)
A (g, 01)

2 01

3-4 ol
1,2-5 oE
1-6 DI



PIPIA Fya PLA

[y

PWMO
1.0

1.2
2.0

[P]Ao

Aq
Ay
[P1Ao

co 3 O Ut =W N

P
A (g, PN)
A (g, AM9)

1,4 PIE
5,3 [PIE
2,3-6 AM6
2-7 [PII

© 00 (o2 = W N =

[y
o

— = =
W N =
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D Ut

=
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21

22
23
24
25
26
27

<F>A0
(F) By
[FI(A D [F1A)g
[FI(B D [FIB)o

0.1

Ay

A D [FlA;
[F1A;
0.2

B

ANB;
(F)(AA B)o
FY(AA B)o
(FY(A N B)o
(FY(A A B)o

P
P
P
P
A (g, 1ME)

3,5 (FIE
7.6 OB
A (g, 2(ME)

2,9 FIE
11,10 DE
A (g, 5,9 AMyp)

8,13 [FIE
10,14 Al
9,15 ()1

A (g, 5,9 AMop)
6,17 =E

18,10 Al
9,19 (M1

A (g, 5,9 AMp)

12,21 [FIE

6,22 Al

5,23 ()]

5,9 13-16,17-20,21-24 AM¢
2,9-25 (HE

1,5-26 (FE

3 Non-Normal Modal Logics: Na, La (ch. 4)

3.1 Language / Semantic Notions

LNa The basic language is the same as for K«. The VOCABULARY consists
of propositional parameters pg, p1 ... with the operators, -, A, V, D,
=, O and ¢. Each propositional parameter is a FORMULA; if A and
B are formulas, so are ~A, (AAB), (AVB),(ADB),(A=B),04
and 0A. In addition, we introduce (A 3 B) as an abbreviation for
0(A D B).

INa An INTERPRETATION is (W, N, R,v) where N C W. N is the set of



normal worlds. Constraints on access are as for K. Thus, where «
is empty or indicates some combination of the following constraints,

n For any z, there is a y such that xRy extendability
p for all z, xRz reflexivity

o for all x,y, if xRy then yRx symmetry

T for all x,y, z, if xRy and yRz then xRz transitivity

(W,N, R,v) is an N« interpretation when R meets the constraints
from a.

TN For complex expressions,

vy(—A) =1 if v,(A4) =0, and 0 otherwise.

—

(=)

(A) vw(AAB)=1if v,y(A) =1 and v, (B) = 1, and 0 otherwise.

(V) vy(AV B) =1if v,(A) =1 or v,(B) =1, and 0 otherwise.

(D) vw(A D B)=11if v,(A) =0 or v,(B) =1, and 0 otherwise.

(=) vw(A=B) =1if v,(A) = vy(B), and 0 otherwise.

(0) vy(0A) = 1if w ¢ N or some x € W such that wRx has
v (A) =1, and 0 otherwise.

(0) vp(ODA) = 1 if w € N and all z € W such that wRx have
vg(A4) =1, nd 0 otherwise.

For a set I' of formulas, v, (") = 1 iff v,,(A) = 1 for each A € T'; then,

VNa I' 5, A iff there is no N« interpretation (W, N, R,v) and w € N
such that v, (I') = 1 and v,,(A4) = 0.

System La. An interpretation is (W, N, R,v) as before, except that v is
a function such that for any w € W, and p, v,(p) = 1 or v, (p) = 0 and for
any w ¢ N and P of the form OA or 0A, vy (P) =1 or v, (P) = 0. TN then
applies for expressions not assigned a value directly.

3.2 Natural Derivations: NNa, NL«

All the rules are as in NK « except that whenever a subscript s.t is introduced
for O or OF, either s is O or there is an additional premise of the sort OAs,
or 0Ag for NNa; or s is just 0 for NLa. The resulting change on these
rules is small.

14



P,
oPs

where s is 0 for NLa; s is 0 or appears
in some accessible JAg or =0 As for NNoj
and t does not appear in any undischarged
premise or assumption

OE | 0Ps
s.t
Py

Qu
Qu

where s is 0 for NLa;

s is 0 or appears

in some accessible JAg or =0As for NNa;
and t does not appear in any undischarged
premise or assumption and is not u

Derived rules carry over from NK«. Note that MN remains as well (but
restricted to subscript 0 in the L systems). In addition, the following are

derived rules for 3l and 3E in NK«a, NNa and

sl |s.t
P

Q1
(P3Q)s

constraints on s and t as for the correspond-
ing NL, NN or NK OI rule.

NLa.

sE| (P 3Q)s

s.t
Py

Q:

Examples. We exhibit the new restrictions by considering derivations to
show one part of MN, that 0Ps t,, "0-F. In the case where s # 0, the
derivation on the left violates the NN restriction on OE in its last line.

1]0Ps P 1
21 |st A (g,1 0E) 2
3| | P 3
4 0P A (C, —\I) 4
5 -P 2,4 0E 5
6 Py 3R 6
7| | 0P 4-6 —I 7
8| 0P 1,2-7 0E 8

9

10

11

o Ps

Dﬁps

s.t
Py

O0-Ps
P
-0 Ps

_‘D_‘Ps
[]ﬁPS
ﬁDﬁPS

P
A (¢, 00
A (g, 1 0E)

A (¢, 00
3,5 0k
4R

5-7 -1
2,1,3-8 0E
2R

2-10 -1

Supposing s is 0, each derivation is fine in NN and NL. However, if s is
other than 0, on the left, (8) is automatically bad in NL and violates the
NN restriction on OF, insofar as there is no accessible OF; or =0PFPs. On the
right, the derivation works in NN even when s # 0, insofar as we make the
assumption for —I prior to that for 0E. Note that, in this case, we cite the
line with OA; for OE. Insofar as s # 0, the derivation would not do for NL.

15



4 Conditional Logics: Cz (ch. 5)

4.1 Language / Semantic Notions

LCx The VOCABULARY consists of propositional parameters pg, p1 . .. with
the operators, -, A, V, D, =, O, ¢ and >. Each propositional param-
eter is a FORMULA; if A and B are formulas, so are —=A, (A A B),
(AVB),(ADB),(A=B),U0A, 0A and (A > B).

ICx Where $ is the set of all formulas in the language, an INTERPRE-
TATION is (W, {Ra | A € },v) where W is a set of worlds, and
v assigns 0 or 1 to parameters at worlds. The middle term is a
set of access relations: for any formula A, there is an access rela-
tion R4 which says which worlds are A-accessible from any w. Say
fa(w) ={x € W|wRax}, and [A] = {w]|vy(A) = 1}. Then, where z
is empty or indicates some combination of the following constraints,

(1) fa(w) € [4]
(2) If w € [A], then w € fa(w)
(3) If [A] # ¢, then fa(w) # ¢
(4) If fa(w) € [B] and fp(w) C [4], then fa(w) = fp(w)
(5)
(6)
)

5) If fa(w) N [B] # ¢, then fanp(w) C fa(w)

6) If v € fa(w) and y € fa(w), then x =y

(7) If z € [A], and y € fa(x), then x =y
(W,{Ra | A € 3},v) is a Cr interpretation when it meets the con-
straints from z. System C has none of the extra constraints; C'+ is

C with constraints (1) - (2); CS is C' with constraints (1) - (5); C1
is C' with constraints (1) - (5) and (7); C2 is C' with constraints (1)

- (5) and (6).
TC For complex expressions,

(=) vw(—A) =11if v,(A) =0, and 0 otherwise.

(A) vw(AAB)=1if v,y(A) =1 and v, (B) = 1, and 0 otherwise.
(V) vw(AV B) =11if vy (A) =1 or v, (B) =1, and 0 otherwise.
(D) vw(A D B)=1if v,(A) =0 or v,(B) =1, and 0 otherwise.
(=) vw(A = B) =1if v,(A) = vy(B), and 0 otherwise.

(0)y vw(0A) =1 if some z € W has v, (A) = 1, and 0 otherwise.
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(0)y vw(OA) =1if all x € W have v;(A) = 1, and 0 otherwise.
(>) vy(A> B)=1Iiff all z € W such that wR sz have v,(B) = 1.

For a set I' of formulas, v, (I") = 1 iff v,,(A) = 1 for each A € T'; then,

VCx I |5, A iff there is no Cz interpretation (W,{R4 | A € S}, v) and
w € W such that v, (I') = 1 and v,,(A) = 0.

4.2 Natural Derivations: NCz

Derivation systems NCz take over =, D, A, V, =, O and ¢ rules from NKv.
Thus modal rules are,

olv| | T OEv | 0P
Py
P
DPS Qu
where t does not appear in any undischarged Q
u

premise or assumption X X
where t does not appear in any undischarged

premise or assumption and is not u

oEv |OP;s olv | Py

P, 0P

For >, let there be new subscripted expressions of the sort A,/ — which
intuitively say wsRaw;. Expressions of this sort do not interact with other
formulas except as follows (and so do not interact with rules of NKv):

>1 Ps/t }E _'(P > Q)S
Ps/t
Q: ~Q
(P> Q)s
where t does not appear in any undischarged Ru

premise or assumption
R,

where t does not appear in any undischarged
premise or assumption and is not u

Ps/t "Qt
Q+ (P> Q)s

17



Corresponding to constraints (1) - (7) are AMp1, AMp2, AMs1, AMs2, AMs3,
AMRs, and two forms of AMDL. For AMRS A is an expression of the sort
Qt; Qt/vy Quy or Qyyy with a subscript ¢, and A, is like A(;) except that
some instance(s) of t are replaced by w. And similarly for AMDL.

AMpPp1 | P, AMp2 | P; AMs1 | 0P, AMs: | (P > Q)s
Ps/t (Q > P)s
P, Py Py
Qu
Qu Qs/t
where t does not appear in
any undischarged premise
or assumption and is not u
AMss | —(P > —Q)s AMRs | P, AMDbL | P, P,
(P A Q)S/t Ps/u Ps/t Ps/t
A A As)
Ps/t
Aw) A Ao

In these systems, every subscript is 0, appears in a premise, or appears in the
t-place of an assumption for Olv, OEv, >I, #E or AMsi1. Intuitively there
are plus rules, rules for the sphere conception, and rules for the Stalnaker
and Lewis alternatives. NC includes just the rules of NKv plus >I, >E, #1
and #E (but, as below, the latter two are derived). Then,

NC+ has the rules of NC' plus AMp1, AMP2

NCS has the rules of NC' plus AMp1, AMp2, AMs1, AMs2, AMs3

NC1 has the rules of NC plus AMp1, AMp2, AMs1, AMs2, AMs3, AMDL
NC2 has the rules of NC plus AMp1, AMp2, AMs1, AMs2, AMs3, AMRs

Derived rules carry over from NKa. Where I' is a set of unsubscripted
formulas, let I'g be those same formulas each with subscript 0. Then,

NCX T' bk, A iff there is an NCz derivation of Ay from I'y.

Examples. As first examples, #1 and #FE are derived rules in NC, and so
in any NCT.
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S TR W N

Ps/t

| Qs
(P>Q)s
Q+
_'Qt

(P> Q)s

A (¢, 1I)

1,3 >E
2R
3-5 -l

4E
1[-~(P > Q)
2| | =R
3 Py
4 —Q:
5 R.
6 —R.,
7 Q:
81| (P>Q)s
91 | ~(P>Q)s
10 | R,

P

A (¢, —E)
A (g, >1)
A (¢, —E)

from 1,3,4
as for E
2R

4-6 -E
3-7>1
1R

2-9 -E

As final examples, here is a case in NCS using AMs3 and then again in NC2
but without appeal to AMs3 (so that AMSs3 is not necessary in NC2 for the
result). This last case is a bit messy, but should nicely illustrate use of the
rules.

A> B,

S U W N =

(A> B)o
:(A > ﬁC’)O

(A N C)O/1

Ao
B

[(AAC)> Blo

~(A>-C) baes (ANC) > B

P

P

A (g, >1)
2,3 AMss3
1,4 >E
3-5 >1

A>B,-(A>-C) ks (ANC) > B

1[(A> B)o
2 :(A > ﬁCY)O
3| | Aos
4 :ﬁCﬁ
5 iA A 0)0/2
6 lA A C)O/g
8 Az
ol [ l1anc)> Al
10 *Ao/g
11 As
12 ——C3
13 Cs
14 (A A 0)3
15 [A>(ANO)o
16 A0/2
17 B
18] [[(AAC) > Blo
19[[(AAC) > Bl

19

P
P

A (g, 2 #E)

A (g, >1)
A (g, >1)

6 AMpr1
7 AE

6-8 >1

A (g, >1)

10 AMpr1
3,10,4 AMRs
12 DN

11,13 Al
10-14 >1
9,15,5 AMs2
1,16 >E
5-17 >1
2,3-18 #E



The derivation on the left is a simple application of AMs3. On the right, we
go for the final goal by #E.” The real work is getting A, /2 so that we can
use >E with (1). And we go for this by getting the conditionals that feed
into AMsz2, given that we already have (A A C)g/a.

5 Intuitionistic Logic: IL (ch. 6)

5.1 Language / Semantic Notions

LIL

IIL

TIL

The VOCABULARY consists of propositional parameters pg, p; ... with
the operators, A, V, —, and 1. Each propositional parameter is a
FORMULA; if A and B are formulas, so are (A A B), (AV B), —A,
and (A O B).

An INTERPRETATION is a triple (W, R, v) where W is a set of worlds,
R is a subset of W2 = W x W, and v is a function such that for
any w € W and p, vy(p) = 1 or vy(p) = 0. For z,y,z € W, an
interpretation is subject to the conditions,

p for all z, xRx reflexivity

T for all z,y, z, if Ry and yRz then xRz transitivity

h for any parameter p, if v, (p) = 1, and xRy, heredity

then vy (p) =1

We think of worlds as representing a state of information at a given
time. vy, (p) = 1 when p is proved at state w. The heredity condition
guarantees that what is proved at one stage remains proved at the
next. Notice that v,(p) = 0 does not indicate that p is false — but
rather that p isn’t proved.

For complex expressions,

(A) vy(AAB)=1if v,(A) =1 and v, (B) = 1, and 0 otherwise.
(V) vw(AV B) =1if v,y(A) =1 or v, (B) = 1, and 0 otherwise.

(—) vw(—A) =1if all z € W such that wRz have v,(A) = 0, and
0 otherwise.

(3) vw(A 3 B)=1ifall z € W such that wRx have either v,(A) =
0 or v, (B) =1, and 0 otherwise.

For a set I' of formulas, v, (I") =1 iff v,,(A) = 1 for each A € T'; then,

2As, given strategies from [6, chapter 6], we would jump on VE, JE or ¢E when
available.
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VIL T' |5, A iff there is no IL interpretation (W, R,v) and w € W such
that v, (I') = 1 and v, (A) = 0.

5.2 Natural Derivations: NIL

Augment the language for intuionistic logic to include expressions with sub-
scripts and expressions of the sort s.t as for NKa, along with a unary oper-
ator, ~. Intuitively, ~A indicates that A is not (yet) proven. There is one
new rule for the heredity condition. Otherwise, rules are as in NKpt with
~ like =, and rules for 1 and — on the analogy of 3 and O—.

R | P;s H|Ps
s.t
P
P
where P includes no instance of ~
NI | P AE | (PAQ)s AE | (PAQ)s
Qs
P Qs
(PAQ)s
VI| P, VI| P, VE|(PVQ)s
P
(PVQ)s (Q@V P)s
Ry
~I| | P ~E| | ~Ps
<.
Q: Q1
NQt NQt R
NPS PS Rt
oI | s.t JE|(P3Q)s AMp
P s.t
P; s.8
Q1
Q1
(P3Q)s
where ¢t does not appear in any
undischarged premise or assump-
tion
—1I s.t —E —/PS AMT | s.t
s.t t.u
~P; P
—/Ps ~It S.u

where ¢t does not appear in any
undischarged premise or assump-
tion
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Every subscript is 0, appears in a premise, or appears in the t-place of an
accessible assumption for Ol or —I. Where the members of T and A are
formulas in the original language for intuitionistic logic (without subscripts
and without ~), let let the members of I'y be the formulas in ', each with
subscript 0. Then,

NIL TI' b, A iff there is an NIL derivation of Ay from the members of I'y.

Examples. Here are instances of the more interesting standard axioms for
intuitionistic logic. Note that our account of a derivation guarantees that ~
is not an operator in any of A, B, or C.

Al Ky AD(BOA)

1] /0.1 A (g, 30
2| | A

301]1.2 A (g, 30
4| || B2

5|11 Az 2,3 H

6| |(B3A): 3-5 11

7T [AD(B3A)o 1-6 01

A2 ypy (AOB)O[(AD(B2C))a(ADC))

1] o1 A (g, 3I)
2| |(AdB)

301 ]1.2 A (g, 30)
4 (AD(BOQ)),

5 2.3 A (g, D)
6 As

7 1.3 3,5 AMT
8 Bs 2,76 JOE
9 (BOC)s 4,56 JE
10 3.3 AMp
11 Cs 9,10,8 JE
12| | | (A2 ), 5-11 I
1B | [(AoB3C)3(Aa0O)h 3-12 01
4 (AaB)J[(AaB3C)T(ATN)]) 1-13 a1

A3 Hyp ATJ(BO(AAB))
Ad K, (AANB)O A
A5 Ky, (AANB)3B
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A6 by AJ(AV B)

A7 b B3 (AV B)

A8 iy (ADC)O[(BOC)a((AvB)aQ))

(
(

A9 by (AOB)O[(Ad—B) O—4]

111]0.1

2 lA | B)l
3 1.2

4 iA ] —/B)2
5 2.3

6 As
7 1.3
8 B3
10 3.3
11 ~Bs3
12 ~As
13 ‘/AQ

15|((A3B)3[(A3—B) 1A

A10 Hyp —A 3 (A B)

0.1
‘/Al

1.2
Az

~Bs
Az
~Ay

By

(A3 B)h

[—A 3 (A3 B)o

© 00 N Ot kW N =

—
o

A (g, OI)

A (g, D)

A (gv _’I)
A (¢, ~1)
3,5 AMT
2,7,6 JE
4,5,6 JE
AMp
9,10 —E
6-11 ~I
5-12 —1
3-13 01
1-14 Ol

A (g, OT)

A (g, OI)

A (¢, ~E)
4R

2,3 —E
5-7 ~E
3-8 I
1-9 Ol

A system with these axioms and MP (which we already have by AMp with
JE) turns into classical logic if A10 is replaced by double negation, ——A
A. But we cannot prove ——A 1 A (or at least we cannot if our derivation

system is sound).



6 Many-Valued Logics: Mz (ch. 7,8)

6.1 Language / Semantic Notions

LMx The LANGUAGE consists of propositional parameters pg,p; ... with
the operators, =, A, V, and D. KEach propositional parameter is a
FORMULA; if A and B are formulas, so are =A, (AA B), (AV B), and
(A D B). A= B abbreviates (A D B) A (B D A).

IMX An INTERPRETATION is a function v which assigns to each proposi-
tional parameter some subset of {0,1}; so v(p) is ¢, {1}, {0} or {1,0}.
Intuitively, v(p) is true iff 1 € v(p) and v(p) is false iff 0 € v(p). Where
x is empty or includes some combination of the following constraints,

exc for no p are both 0 € v(p) and 1 € v(p) exclusion

exh for any p, either 1 € v(p) or 0 € v(p) exhaustion
v is an Mz interpretation only if it meets the constraints from .
Mecr has both exc and exh, Mk3 and Mts just exc, MLp and MRM

just exh, and MFD neither exc nor exh (these are classical logic, and
Priest’s K3, L3, LP, RMs3 and FDE).

TM For complex expressions,

(7)) 1ew(=A)iff 0 € v(A); 0 € v(=A) iff 1 € v(A).

(N) 1 evAAB)iff 1 € v(A) and 1 € v(B); 0 € v(A A B) iff
0€v(A) or 0 € v(B).

(V) 1ev(AVvB)iff 1l e v(A)or1l € v(B); 0 € v(AVB)iff 0 € v(A)
and 0 € v(B).

(D) 1ev@ADB)iff 0 e v(A) or 1 € v(B); 0 € v(A D B) iff
1 €wv(A) and 0 € v(B).

D)z 1€ev(ADB)iff 0 € v(A) or 1 € v(B) or none of 1,0 € v(A)

or 1,0 € v(B);0€v(ADB)iff 1 € v(A) and 0 € v(B).

(O)rmv 1 €v(ADB)iff 1 € v(A) or 0 € v(B) or all of 1,0 € v(A)
and 1,0 € v(B); 0 € v(A D B) iff 1 € v(A) and 0 € v(B).

All the systems have the same conditions, except that MEs interpretations
use (D)3 and MRrM interpretations use (D)gy- For a set T' of formulas,
1ew()iff 1 € v(A) for each A € T'; then,

VMxX I' |5, A iff there is no Mz interpretation v such that v(I') = 1 but
1 Zv(A).
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This account is adequate to the (superficially) different presentations in
these chapters of Priest. For the multivalued approach: classical logic has
values {0}, {1}, with {1} designated; Ks and £3 have ¢, {0}, {1}, with
{1} designated; LP and RMs have {0}, {1}, {0,1}, with {1} and {0, 1}
designated; and FDE has ¢, {0}, {1}, {0,1}, with {1} and {0, 1} designated.
For the relational approach, we identify the relation as set membership. And
a v as above maps to a Routley interpretation with v, (p) = 1 iff 1 € v(p),
and vy« (p) = 0 iff 0 € v(p).> Then, in each case, conditions for truth and
validity are as above.

6.2 Natural Derivations: NMz

Introduce expressions of the sort A and A. Intuitively A indicates that A is
not false. Let \A\ and /A/ represent either A or A where what is represented
is constant in a given context, but \A\ and /A/ are opposite. And similarly
for /A/ and \A\, though there need be no fixed relation between overlines
on \A\ and \A\. Except for a pair of new rules (D) and (U) corresponding
to conditions ezc and exh, derivation rules mirror ones for classical logic.

D|P ulP
P P
R|/P/ 1| |/p/ “E||/-P/
/P QU 1QU
\—Q\ V=O\
\—=P\ \P\
AL| /Py AE|/PAQ/ AB|/PAQ/
/Q/
/Py 1Q/
/P AQ/

3For this, see [3, sections 8.5.8, 8.7.17 and 8.7.18] along with L6.0 for the proof of
soundness in [7].
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VI|/P/ VI|/P/ VE |/PV Q/
/P/
/PVQ/ /QV P/
IRY
DI |/P/ DE|\P D Q\
/P/ |/Q/
\Q\
\P D Q\ \Q\ IR
IR
=I| |/P/ =E [\P =Q\ =E [\P =Q\
/P/ /Q/
\Q\
@ \Q\ \P\
/Q/
\P\
\P = Q\

NMFp has the I- and E-rules for -, A, V, D with (R). NMks adds (D), for
truth down. NMLpP adds (U), for truth up. NMcr has all the rules. In these
systems, (=I) and (=E) are derived. In addition, for these systems, two-way
derived rules carry over from CL with consistent overlines. Thus, e.g.,

Impl /PD>Q/ 4> /=PVQ/
/=P D>Q/ <> /PVQ/

MT, NB and DS appear in the forms,

MT| /P> Q/ NB|/P=qQ/ /P =Q/ DS|/PVvQ/ /PVQ/
\—Q\ \-P\ \=Q\ \=P\ \=Q\
/-P/ /=Q/ /=P/ /Q/ /P/

Alternate systems. The systems NMt3 and NMrm have (R) with I and
E rules for =, A, and V. Both include,

OI| | P SE|IPOQ
P
Q _
PD>Q Q

which are the same as before. NMrs adds (D) and,
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Dlps ? DErL3 PDQ

(PV=P)V(QV-Q) (PV=P)V(QV-Q)
P

Q

PDQ @

NMgm adds (U) and,

Dlrm P DErm PDQ
(PV-P)V(QV-Q) (PV=P)V(QV-Q)
P
Q _
PO>Q @

Because of the lack of symmetry for D rules, there is no easy carryover in
these systems of derived rules for = and D.

Where the members of I' and A are expressions without overlines,

NMx I' k,, A iff there is an NMz derivation of A from the members of I'.

Examples. Here are derivations, cast to show the general forms, for MT
and the second form of DS.

/P S Q/\=Q\ by P/ /P QI N\=Q\ by, / P/
1l/P>5qQ/ P 1/Pvg/ P
2 \-Q\ P 2 \-Q\ p
3| [\P\ A (¢, -I) 3| |/py A (¢, 1 VE)
al|/qr 1,3 OF al|/ps 3R
5 [\-0\ 2R
50 1/Q/ A (g, 1 VE
6|/-P/ 3.5 - /Q (9 )
6 \= P\ A (C7 —\E)
71| | /q/ 5R
8| [ [\-Qv 2R
9| |/py 6-8 —F
10| /p/ 1,3-4,5-9 VE

And for some particular results requiring (D) and (U), here are demonstra-
tions of standard rule and axioms for classical logic, making use of the full
rule set (see, e.g. [0, chapter 3]).
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MP A,AD Bhyy, B
11A P
2 ;4 OB P
3lA 1D
4| B 2,3 DE
Al by, AD(BDA)
1| |4 A (g, OI)
2| |B A (g, DI)
3 A 1U
41/ BD A 2-3 DI
5|AD(BDA) 1-4 DI
A2 by, [AD(BDC)]D[(ADB)D(ADC))
1| [A>(BDC) A (g, OI)
2| |ADB A (g, D)
31114 A (g, D)
4 ADB 2U0
5 B 3,4 DE
6 AD(BDCQO) 10
7 BO>C 3,6 DE
8 B 5D
9 C 7,8 DE
10 ADC 3-9 DI
11| |[(ADB)D(ADCQO) 2-10 DI
12|[AD(BDC)D(ADB)D(AD 0] 1-11 oI
A3 g, (FAD-B)D[(mAD B) D A]
1| |[-A>-B A (g, D)
21| |[-ADB A (g, OI)
3 —-A A (¢, —E)
4 —-A 30U
5 B 2,4 DOE
6 -B 1,4 DE
7 -B 6U
8 A 3-7 -E
9/|(-AD>DB)DA 2-8 DI
10| (~AD>-B) D [(~ADB) D A] 1-9 oI

Of course, there is not much point going back-and-forth between overline
and non-overline expressions in the full classical system. But these examples
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should illustrate the rules. And overlines matter for the other systems.
Finally, a couple derivations to show modus ponens as a derived rule in
NM¢rs and NMRu.

P> Q,P b, Q

1/1PDQ P

2| P P

3| P 2D
4PV P 2 VI

5/ (PV=P)V(QV Q) 4 V1
6|Q 1,3,5 DE
PDQ, Py, @

1/1PDQ P

2| P P

3 |-Q A (¢, -E)
41 1QV-Q 3 VI

5/ [ (PV=P)V(QV-Q) 4 V1
6|Q 1,2,5 OE
71 -Q 3U

8| Q 3-7 -E

7 Gaps, Gluts and Worlds: vX, Iz (ch. 9)

7.1 Language / Semantic Notions

This section is developed directly in terms introduced in demonstration of
soundness and completeness in section 6. Apart from that discussion, the
notions should be roughly familiar from derivations in that section.

LvX The VOCABULARY consists of propositional parameters pg, p1 ... with
the operators, —, A, V, and —. FEach propositional parameter is a
FORMULA; if A and B are formulas, so are =A, (A A B), (AV B),
and (A — B). A D B abbreviates ~AV B, and A = B abbreviates
(AD B)A(B D A). This time, from the start, for any formula A, we

allow A and A, where as before /A/ and \A\ (/A/ and \A\) represent
one or the other (and similarly for N and N immediately below).

IvX An INTERPRETATION is (W, N, N, h) where W is a set of worlds, and
N, N C W are normal worlds for truth and non-falsity respectively;
h is a function such that for any w € W, hy,(/p/) =1 or hy(/p/) =0,
and for any w not in /N/, hy (/A — B/) =1 or hy(/A— B/) =0. So
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h makes assignments directly to experssions of the sort /A — B/ at
worlds not in /N/. Say /A/ holds at w if hy(/A/) =1 and otherwise
fails. Interpretations may also be subject to the constraints,

K N=N=W

4 N=N
The K systems are subject to constraint (K), the 4 systems to (4).
Of course, (K) implies (4); so it is enough that interpretations for
vKy and vK, are subject to (K); vNy is subject to (4), and vN,
to neither. With restriction K, h reduces to a simple assignment
to parameters at worlds. Though it does not appear in Priest, we
consider also a requirement (CL) which includes (4) and that for any
for any w € N, hy(p) = hy(P).

Hwv For expressions not assigned a value directly,

(=) hy(/mA/) =1if hyy(VA\) = 0, and 0 otherwise.
(A) hyw(/ANB/) = 1if hy(/A/) = 1 and hy(/B/) = 1, and 0

otherwise.

(V) hw(/AV B/) =1if hy(/A/) =1 or hy(/B/) =1, and 0 other-

wise.

(—)a For w € /N/, hyy(/A — B/) = 1 iff there is no x € W such
that hy(A) =1 and h,(/B/) = 0.

(=)« For w € /N/, hyy(/A — B/) = 1 iff there is no x € W such
that hy(/A/) =1 and h,(/B/) = 0.

The 4-systems vNy and vKy take Hu(—)4; the star systems vV, and vK,
take Hu(—).. Where I" does not include formulas with overlines, h,,(I") = 1
iff hyy(A) =1 for each A € T'; then,

VuX T |5, A iff there is no vX interpretation (W, N, N,h) and w € N
such that h,(I') = 1 and hy(A) = 0.

System Ix.

LIX The vocabulary is as before with 1 for —. Again, for any formula A,
allow A and A.

IIX An interpretation is (W, R, h) where,
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P for all x, xRz reflexivity
T for all x,y, 2, if xRy and yRz then xRz transitivity
for all z, y and p, if xRy, then if h,(p) = 1, heredity
hy(p) =1, and if hy(ﬁ) =1, hx(ﬁ) =1

>

apply to any interpretation. In addition, interpretations may be sub-
ject to the condition,

exc for no p is both h(p) =1 and h(p) =0 exclusion

HIx is as before with,

(3) he(A 3 B) = 1 iff there is no y € W such that xRy and
hy(A) = 1 but hy(B) = 0. hy(A 3 B) =1iff hy(A) =0 or
hy(B) =

(Dw he(A 3 ) = 1 iff there is no y € W such that xRy and
hy(A) =1 but hy(B) = 0. hy(A 3 B) = 1 iff there is some
y € W such that zRy and h,(A) =1 and hy(B) = 1.

The system I4 takes neither ezc nor (0)w. I3 adds exc; Iw adds to Iy the
(J)w condition. Then validity works in the usual way.

As in the previous section, these accounts are meant to accommodate
different presentations in Priest, and help exhibit their differences. In par-
ticular, as for the previous section, given constraint (4), an interpretation
(W, N, N,h) corresponds to a relational (W, N, p), where h,,(A) = 1 iff A
bears relation p (which, as in the previous section, may be set membership)
to 1 at w, and hy,(A) = 1 iff A does not bear p to 0 at w. And an interpre-
tation (W, N, N, h) corresponds to a star interpretation (W, N, *, v) where
hw(A) = 1iff v,(A) = 1 and hy(A) = 1 iff v (A) = 1.

7.2 Natural Derivations: NvX, Nix

Allow expressions with both integer subscripts and overlines. /n/[s] indicates
that world s is an element of /N/. I- and E- rules for —, A, V, D and = are

“For the latter, given a star interpretation (W, N, ,v) consider an vX, interpretation
(W',N',N',h) with a w' € W’ corresponding to each w € W. And for an vX. inter-
pretation (W', N’, N, h) consider a star interpretation (W, N, *,v) with a w and w* € W
corresponding to each w’ € W’. Thenset 2’ € N’ iff z € Ny 2’ € N iff 2* € N; hy (p)=1
iff vy(p) =1; he(P) = 1 iff vg=(p) = 1; for 2’ € N, he (P — Q) = 1 iff v (P — Q) = 1;
and for 2’ ¢ N/, hy (P — Q) =1iff vy« (P — @) = 1. Then the result follows by a simple
induction (for a related demonstration, see the proof of L7.0 in [7]).
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a natural combination of rules for NKv and NFDE, with rules for D and =
now derived.

R|/P/, -1||/P/, -E| |/-P/,
IP/s 1O/, 1,
V-Q\ V=Q\
\—P\, \P\,
AL|/P/g AE|[/PAQ/s AE|/PAQ/s
1Q/
/P/s /Q/ s
/PAQ/s
VI|/P/, VI|/P/, VE|/PVQ/s
/P/g
/PV Qs IQV Pls
/R
oI | /P/s SE[\P D> Q\,
/P/s | /Qs
\Q\,
\P D Q\, ‘@ IR
/Rl
=I| |/P/s =E |\P=Q\s =E | \P=Q\;s
/P/q /1Q/ s
\Q\s
Q \Q\s \P\,
/Q/s
\P\,
\P=Q\,

The different derivation systems of this section add to these from,

—Ia|/n/[s] —Ea4|/n/[s] —Ix | /n/[s] —Ex | /n/[s]
P, /P — Qs 1P, /P — Qs
P, /P,
/P/y 1Q1:
/Q/ ANYA
/P — Qs Qe /P — Qs Qe
where t does not appear in where t does not appear in
any undischarged premise any undischarged premise
or assumption or assumption
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K NI Ca|/n/[s] Cb | /n/[a)
VA /P

/n/[s] n[0] \n\[s]
WP,

For the star-rules, /P/; and /Q/; may be either P, and Q;, or P; and Q,.
Then,

NvK, adds —I4 and —E4 with K

NvuK, adds —Ix and —Ex with K

NuvuN, adds —Ix and —Ex with NI

NvuN, adds —I4 and —E4 with NI and Ca

A system with CL would add both Ca and Cb. As a simplification, in the
first cases, one might eliminate rule K, and delete the normality require-
ment from other rules. In these systems, every subscript is 0, appears in a
premise, or appears in the ¢t-place of an accessible assumption for —I. Where
the members of I' and A are without overlines or subscripts, let I'g be the
members of I', each with subscript 0. Then,

NuX Tk A iff there is an NvX derivation of Ap from I'y.

Derived rules are as one would expect. Two-way derived rules carry over
from CL with overlines and subscripts constant throughout. Thus, e.g.,

Impl /P D Q/s 4> /2P V Qs
/~PD>Q/s 4> /PVQ/s

MT, NB and DS appear in the forms,

MT|/P > Q/s NB|/P=Q/, /P=Q/s DS|/PvQ/, /PN Qs
\-Q\s \-P\, \-Q\s \=P\, \—Q\s
/—P/q /=Q/ /=P/q /Q/ /P/q

System NIx. These systems take over rules for =, V and A from before,
and then add from the following in the natural way.

I |s.t JE (P OQ)s
P, s.t
Py
Q1
(P2 Q). @

where t does not appear in any
undischarged premise or assump-
tion
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AMp
S.S8
a1 | Ps
Q,
(P3Q)s

AMT

H; | Ps Py
s.t s.t
P, P,
ﬁw s.t
P
Q,
(P3Q)s

ol

JEw | (P 3Q)s
s.t
P,
Q.

Au
Au

where t does not appear in
any undischarged premise
or assumption and is not
u

Each of the NIz systems have I, JE, AMp, ﬂ/h and H;. NI, then takes
31 and O E, NIg adds D. NIy substitutes J Iy and 3 Ey in the four-

valued system. Validity is as before.

Examples.

results.

P — Qtyx, 2Q — P

1

0 O Ut s W N

This derivation works with either (K) or

| (P — Q)o
n[0]
_‘Ql
P,
@
_‘Ql
(=Q — =P)o

P

NI or K
A (g, —1x)

A (¢, 1I)
21,4 —Fx

3R

4-6 -1

2,3-7 — Ik

Here are a few cases where the logics do not all have the same

(NI), but does not go through in

the 4-systems insofar as there is no “purchase” for application of —E4 with

(1) and only P, rather than Py, at (4).



PA —|Q FNDX4 —\(P — Q)

1] (P A=Q)o p

2| n[0] NI

3| m[0] Ca or directly by K
4 |[(P=Q)  A(eD

5 Py 1 AE

6] |Q, 3,4,5 —Fa

71 1 =Qo 1 AE

8| (P — Q) 47l

This derivation works with either (NI) and (Ca) or (K). It is blocked in
either star system insofar as the contradiction does not arise: by —Ex, we
might get Qo at (4), but this does not contradict Qg for —I.

Fvorc [(P - Q)N (Q — R)} — (P — R)

1| n[0] K

2| [1(P— Q) A (@ — Rl A (g, —1)

3| | n[1] K

Al || P A (g, =L

501 — Q) 2 AE

6|1 1Q: 34,5 —Ea

7 (@ — R): 2 NE

8 Ry 3,6,7 —Ex

9| | (P = R) 348 —la
10 ((P—=Q) A(Q—R)]—(P—R))o 1,2-9 —Is

This derivation works with either the star- or 4-rules. But it works only
with (K) insofar as s = 1 for lines (6), (8) and (9). And, finally, a couple
cases to show =(A 13 B)s; <> (A -B)s in Ny

1 ﬁ(A | B)s P

2| | st A (g, OI)
3| | A

4 Et A (C, "I)
5 (A2 B), 2,341
6 -(A 3 B)s 1R

71| B 4-6 -1

8| (A -B), 2-7 11
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[

- =
= O © o3 O Uk Ww N

12

(A B)s A (e, -I)
s.t A g, 230E)
Ay
By

(A B)s A -l
—Bt 1,3,4 OE
By 5R
ﬁ(A | B)s 6-8 -1
-(A O B), 2,39 0E
(A3 B)s 2R
-(A 1 B), 2-11 =1

8 Mainstream Relevant Logics: Bz (ch. 10,11)

The treatment here for Priest’s chapter 11 is minimal: there are only re-
sources for CK with applications in chapter 11, as well as chapter 10. 1
follow Priest in developing the star-semantics on its own terms, and pick up
the four-valued semantics again in the next section.

8.1 Language / Semantic Notions

LBx

IBRX

The VOCABULARY consists of propositional parameters pg, p1 ... with
the operators, =, A, V, —, (and >). Each propositional parameter is
a FORMULA; if A and B are formulas, so are = A, (A A B), (AV B),
(A — B) and (A > B). A D B abbreviates “AV B, and A = B
abbreviates (A D B) A (B D A).

Without >’ in the language, an INTERPRETATION is (W, N, R, x, C, v)
where W is a set of worlds; N is a subset of W; R is a subset of
W3 = W x W x W; % is a function from worlds to worlds such
that w™* = w; and v is a function such that for any w € W and p,
vp(p) =1 or vy (p) = 0. C is a reflexive and transitive relation on W
such that if ¢ C b then a < b and b* < a*, where,

if v4(p) = 1 then vy(p) =1
a<b=1< if bRxy and a € N, then aRzxy
if bRxy and a € N then x C y

As a constraint on interpretations, we require also,
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NC For any w € N, Rwxy iff x =y

Where x is empty or indicates some combination of the following
constraints,
(C8) If Rabc, then Rac*b*

(C9) If there is an x such that Rabx and Rxcd then there is a y
such that Racy and Rbyd

(C10) If there is an x such that Rabxr and Rzcd then there is a y
such that Rbcy and Rayd

(C11) If Rabc then there is an x such that Rabxr and Rxbe
(C12) If Rabc then there is an x J a such that Rbxzc
(C13) If z € N, z* C .

(C14) For any z, if x € N, 2* C x, and if z ¢ N, xRz*x.
(C15) If Rabc then a C c.

(C16) If Rabc then a C cor b C c.

(W, N, R, *,C,v) is a Bz interpretation when it meets the constraints
from z. System B has none of the extra constraints; other systems
add from the extra constraints as described in Priest. In particular,
Bpg is Bos—c12-

IBcx When >’ is in the language, an interpretation is (W, N, R, {R4 | A €

TB

3}, *,v), where S is the set of all formulas and R4 is a subset of W?2.
Condition NC remains in place, but none of C8 - C16. That is all for
B¢ (what Priest calls Cp). Where fa(w) = {z € W | wRax}, and
[A] = {z € W |vy,(A) =1}, Bo+ adds the constraints,

(1) For any w € N, fa(w) C [4]

(2) For any w € N, if w € [A], then w € fa(w)

For complex expressions,

vy (—A) =1 if v+ (A) = 0, and 0 otherwise.
V(AN B) =1if v,(A) =1 and v,(B) = 1, and 0 otherwise.
V(A V B) =1 1if v,(A) =1 or v, (B) = 1, and 0 otherwise.

vy (A — B) =1 iff there are no x,y € W such that Rwzy and
vz(A) =1 but v, (B) = 0.

)
)
)
)
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(>) vw(A > B) = 1 iff there is no # € W such that wRaz and
vg(B) = 0.

For a set I' of formulas, v, (') = 1 iff v,,(A) = 1 for each A € T'; then,

VBx T' |5, Aiff there is no Bz interpretation (W, N, R, *,C,v) / (W, N, R,
{Ra | A €3}, *,v) and w € N such that v, (I') =1 and v,,(A4) = 0.

8.2 Natural Derivations: NBx

Allow subscripts of the sort i and i#. Where s is a subscript i or i, 5 is the
other. Say s is “introduced” as a subscript when either s or s is a subscript.
For subscripts s, ¢, u allow also expressions of the sort s ~ ¢, s.t.u and A, ;.
Let P(s) be any expression in which s appears, and P(t) the same expression
with one or more instances of s replaced by t.

R|P, -I| | Ps -E| | -Ps
Ps Q+ Q¢
-Qx —Qf
_'PS PS
AL| P, AE | (P AQ), ANE | (P AQ)s
Qs
P, Qs
(PAQ)s
VvI| P, VI| P, VE | (PVQ)s
P
(PV Q). (QV P). B
Ry
oI Ps DE (P D) Q)S
B Ps | Qs
Qs
(P2 Q) @ R
R
=I||Ps =E|(P=Q)s =E|(P=Q)s
Pg QE
QS Qs PS
Qs
P
(P=Q)s
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s.t.u
P,

—I

Qu
(P —Q)s

where t and u are not
introduced in any undis-
charged premise or as-
sumption

OI|s~t

41| s.tu AE | (P — Q)s
Pt s.t.u
Q= P

~Qu
(P = Q)s
R'U
R,
where t and u are not
introduced in any undis-
charged premise or as-
sumption or by v
~I ~E|s~t s~t
P(s) P(s)

L)

P(t) P(t)

These are the rules of NB, where DI, DE, =I, =E and, as we shall see, /41
and AE are derived. With s ~ ¢, we can introduce s ~ s by ~I, and then
get t >~ s by ~FE; so informally, we let ~E include also a derived rule that
reverses order around ‘~’ — using s ~ t to replace some instance(s) of ¢ (%)
with s (5). As usual, subscripts are 0 or introduced in an assumption that
requires new subscripts (and similarly for the following). To make things
easier to follow, cite lines for —E only in the order listed above: first access,
then the conditional, then the antecedent.

For relevant systems N By, allow expressions of the sort, s <t and s % t.
The latter contradicts s ~ ¢ in =I and —E.” Then include rules from the
following as appropriate.

AMO9 |s.t.x
T.U.0
ERTRY

t.y.v

P w
Py,

AM10

s.t.x

T.U.v
t.u.y
S.Y.v

Py,
Py

®We might allow a generic subscript z such that any s ~ t is (s

AM11|s.tu
sty

y.t.u

Py,
P w

—(s >~ t),%. Then the negation rules apply as stated.
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AM12| s.t.u
s=2y

t.y.u

Py,
P w

~

t), and s % ¢ is



AM13 AM14| |s~0 AM15 |s.t.u AM16 | s.t.u
i s=u
#
0% <0 P, s=u P,
s#0 t<u
S.5.8
P,
Pw P’LU
Py
AMS |s.t.u <E|s=<t <#|s =<t <B|ls+0 s~0
Ps s =<t s Xt
t.u.v t.u.v
s.a.t P t=<3s
S. UV u=v

For AM9, AM10, AM11 and AM12, y is not introduced in any undischarged
premise or assumption, or by w. Rules for < are always included with any
of AM12 - AM16.°

Conditional systems. For the systems N B¢, revert to the rules of NB.
Then add >I and >E. As we show just below, #I and #E are derived.

>I| | P,y >E|(P>Q)s #L| P/ FE| (P> Q)s
Ps/t ﬁQ{ P§/t
Q g
(P> Q). Q: (P> Q)s
where ¢ is not intro- R,
Tremise o Semmraiion 2 R,

where ¢t is not intro-
duced in any undischarged
premise or assumption, or
by w

As before, corresponding to constraints (1) and (2) for the C'* system, are
AMP1 and AMP2, now restricted to apply just at the normal world 0.

AMp1 PD/t AMp2 Py

P, Py o

5There are also rules, <* according to which - s < s and <7 according to which s < t,
t < ut s <X u. But these do not normally play a role in derivations.
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Where I is a set of unsubscripted formulas, let I'g be those same formu-
las, each with subscript 0. Then,

NBz I' k, A iff there is an NBz derivation of Ay from the members of
Tp.

Derived rules carry over much as one would expect. Thus, e.g.,

MT | (P> Q)s NB| (P = Q) (P=Q)s DS |(PVQ)s (PVQ)s
—Qs -Ps Qs —Ps Qs
- P _‘Qs - P Qs P

Impl (PDQ)s 4> (mPVQ)s
(=P > Q)s a> (PVQ)s

Examples. First, A1, AE, #I and #E are derived rules in NB, and

NBcy.
A 7B
1|3.tu P 11 ~(P —Q)s P
2| P, P 2| | -Rs A (¢, -E)
3| Qxu p B
- 30| |5.tu A (g, —0)
4 (P i Q)? A (C7 "I) 4 Pt
5110 14,2 —E
u D) 5 (@ A c, -E
6| | Qu 3R ¢ ( )
7| ~(P — Q), 4-6 —I : with 1,3,4,5
6 R, as for AE
7 —R% 2R
8 Qu 5-7 —E
9| | (P = Q)s 3-8 —I
10] [ (P — Q)s 1R
11| R, 2-10 -E

41



Ps/y

%
(P>Q)s
Q¢
-Qz

(P >Q)s

S TR W N

Note the way overlines work (much the way slashes worked before). For
4FE, note that the application of —I depends on the restriction that ¢ and u
are not introduced by v; and similarly, for #E the application of >I depends

A (¢, 1I)

1,3 >E
2R
3-5 -l

»E
1[~(P> Q).
2| | =Rz
3 Ps)y
4 -Qz
5 R,
6 -Rz
7 Q:
8|1 | (P>Q)s
91 | ~(P>Q)s
10 | Ry

on the restriction that ¢ is not introduced by u.

As further examples, here are a few key results that parallel ones from

Priest’s text.

A3 Fum (AAB) — A

0.1.2

Ar
1~2
As

S Ok W [ SR

(A A\ B)l

[(AAB) — Alo
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A (g, —I)

2 AE
1 0E
3,4 ~E
1-5 —1

P

A (¢, —E)
A (g, >1)
A (¢, —E)

with 1,3,4
as for E
2R

4-6 -E
3-7>1
1R

2-9 -E



A5 Hyp (A= B)A(A—C)] —[A— (BAQ)]

© 00 g O Ot =W N =

e B Ol e
[ ]

© 00 O Ut = W N =

—_ =
== O

0.1.2
[(A— B)A(A— O

2.3.4
As

1~2

1.34

(A— B

(A—Ch

By

Cy

(BAC)a

[A— (BAQO)2

([(A — B) A (A — C)] — [A — (B /\C)])o

(A — —B) by, (B — —A)
(A— —B)o

0.1.2
By

Ags

2% ~ 2%
0.2% 2%
—B,x
1~2
By
Yy
(B — —A)o
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A (g, —I)

A (g, =)

1 0E

3,0 ~E

2 NE

2 NE
6,7,4 —E
6,8,4 —E
9,10 AI
3-11 —I
1-12 —I



A9 Hy (A= B)—=[(B—C)— (A—C)]

© 0 S Ot =W N =

—
o

= = e
Tt W N =

16

0.1.2
(A— B)1

2.3.4
(B—0C)s

4.5.6

As

1~2

(A — B)2
2.5.7
3.7.6

By
Cs
Cs
(A—C)4
[(B—C)—= (A=)
(A= B) — [(B—C) — (A — O))o

Feg (FA—-A)— A

=

© 00 O T W N

e e e e e
0 O U R W N = O

0.1.2
(ﬁA — A)l

0.2% 1%
0.2%.3
3.2% 1%

3.1.2
3<4

1.4.2
| Ao

2% ~ 3
—As;

— Ay

A

ﬁAQ#
Ao
A
As
[(mA — A) — A]o
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A (g, —I)

A (g, =0

A (g, —1)

1 0E
2,7 ~E
A (g, 3,5 AM9)

9,8,6 —E
10,4,11 —E
3,5,9-12 AM9
5-13 —I1

3-14 —I

1-15 —I

A (g, —1)

1 AMS
A (g, 3 AM11)

5 AMS
A (g, 6 AM12)

A (¢, -E)

4 0E

9,10 ~E
7,11 <E
8,2,12 —E
IR

9-14 -E
6,7-15 AM12
3,4-16 AM11
1-17 —I1



Ald by, (A — —4) — A

111]0.1.2 A (g, —I)
21 [(A——A)n
3 [1~2 1 0E
4 2~0 A (g, AM14)
5 2% <2
6 %A2# A (C7 _‘I)
7 1~0 3,4 ~E
8 (A — “A)O 2,7 ~F
9 A, 5,6 =E
10 Aq 9,3 ~E
11 —As 1,8,10 —E
12 Ay 6R
13 Ao 6-12 -1
14 240 A (g, AM14)
15 2.2% .2
16 Aoy A (¢, -1)
17 (A — —A) 2,3 ~E
18 —As 15,17,16 —E
19 Aoy 16 R
20 —A2 16-19 —I
21| | =As 4-13,14-20 AM14
22 [[(A — =A) — —A]o 1-21 —I

9 Four-Valued Relevant Logics: R4z (ch. 10,11)

Though Priest does not do so — and it has been suggested that it cannot
reasonably be done [4], relevant systems are capable of a four-valued treat-
ment. Thus, to make contact with what has gone before, and contact with
some of my own suggestions for the significance of relevant semantics [5], a
four-valued approach is developed. The discussion is restricted to (standard)
logics in the range DW - R — though it might be extended beyond.

9.1 Language / Semantic Notions

LR4 The VOCABULARY consists of propositional parameters pg, py ... with
the operators =, A, V, and —. Each propositional parameter is a
FORMULA; if A and B are formulas, so are =4, (A A B), (AV B),
and (A — B). A D B abbreviates "A V B. In the extended case,
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1R4

the language includes O; then if A is a formula, so is OA; and ¢0A
abbreviates ~0—-A. If A is a formula so formed, so is A.

Let /A/ and \A\ represent either A or A where what is represented
is constant in a given context, but /A/ and \A\ are opposite. And
similarly for other expressions with overlines as below.

Without Oin the language, an INTERPRETATION is (W, N, N, R, R, =,
v) where W is a set of worlds; N, N C W are normal worlds for truth
and non-falsity respectively; R, R C W3 are access relations for truth
and non-falsity respectively; and v is a valuation which assigns to
each parameter some subset of {0, 1} at each w € W. < encompasses
the inclusion relations <, <* and §ﬁ, constrained so that (with the
conversion between h and v from below),

if bRzy then aRzxy if a € N, otherwise if bRxy then x <y

if hy(p) =1 then hy(p) = 1 and if hy(P) = 1 then hy(p) =1
a<b=
if aRxy then bRxy if b & N, otherwise if aRzy then z < y

if bRxy then aRxy if a € N, otherwise if bRzy then x < y

if he(p) =1 then hy(p) = 1 and if hy(p) = 1 then h,(p) =1
a<*b=
if aRxy then bRxy if b & N, otherwise if aRzy then x <y

if bRzy then aRzy if a € N, otherwise if bRzy then z < y

if he(P) = 1 then hy(p) = 1 and if hy(P) = 1 then hy(p) =1
a §ﬁ b= R N
if aRxy then bRxy if b & N, otherwise if aRxy then x <y

As additional constraints on interpretations, we may require any of,

NC For any w € /N/, w/R/zy iff x = y

Yy If a/R/bx and x Red then there is a y such that bRcy and a/R/yd,
and a z such that bRzd and a/R/cz. And if a/R/xb and xRcd
then there is a y such that bRcy and a/R/yd, and a z such that
bRzd and a/R/cz.

C11 If a/R/bc then there is a y such that a/R/by and yRbc and a z
such that a/R/zc and zRbc.

C12 If aRbc then for some y > a, bRyc, and for some z >* a, cRbz.
And if aRbc then for some y > a, bRyc, and for some z < a,
cRbz

CL () weNifweN

(ii) for any w € N, 0 & vy(p) iff 1 € vy (p)
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In this case, the base standard system is DW and includes just NC.
Other regular relevant systems add from C9 - C12 in the usual way [8].
The FA systems from [5] drop NC but may include C9 - C12; the FB
systems include NC, and might include any of the other constraints,
including CL.

Where the language includes O, FB interpretations may be extended
to be of the sort, (W, M, N, N, R, R, <,v) where M C W is a modal
access relation. Interpretations are subject to,

MC If w € /N/ and wM=z, then x € /N/
and optionally standard modal constraints of the sort,

p Reflexivity: for all x, xMx.
o Symmetry: for all x, y if My then yMzx.
7 Transitivity: for all x, y, z if e My and yMz then x M z.

HR4 For complex expressions,

hw(p) = 1 iff 1 € vy(p); hw(P) = 1 iff 0 & vy(p)
hw(/=P/) =1 iff hyy(\P\) =0

w(/PAQ/) =1iff hy(/P/)=1and h,(/Q/) =1
w(/PV Q) =1iff hy(/P/)=1or h,(/Q/) =1

w(/P — Q/) = 1 iff there are no x,y € W such that w/R/xy
and h,(P) =1 but hy(Q) =0, or hy(P) =1 but h,(Q) =0

(0) hy(/OP/) = 1 iff there is no x € W such that wMz and
hz(/P/) =0

h
h
h

For a set I' of formulas, h,(I') = 1 iff hy(/P/) =1 for each /P/ € T'; then,
VR4 T |, P iff there is no R4x interpretation (W, M, N, N, R, R, <, h)
and w € N such that h,(I') = 1 but h,(P) = 0.
9.2 Natural Derivations: NR/«x

Allow subscripts and expressions of the sort s.t, /s.t.u/, s > t, s >* t, and
s >Ft. Allow also /n/[s] and ~/n/[s]; to say that a world is or is not in /N/;
these contradict in —I and —E.”

"As before, we might allow a generic subscript z such that any /n/[s] is /n/[s]. and
~/n/[s] is =/n/[s] . Then the negation rules apply as stated.
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R|/P/s =I| |/P/s -E| |/=P/s
IP/s 1O, 1QU,
\\_‘Q\\t \\_‘Q\\t
\= P\ \P\s
AL|/P/, AE|/PAQ/, AE|/PAQ/,
1Q/,
/P/, Qs
/P AQ/S
VI|/P/s VI|/P/s VE|/PV Q/s
/P/g
/PV Qs /QV P/,
/R
DI |/P/s DE|\P D Q\s
/P/s | /Q/s
\Q\s
\P 5 Q\, \Q\s IR/,
IR+
—E|/st.u/ /s.t.u/ —I| |/s.tu/ /s.t.u/ CL | /n/[s] |/n/[s]
/P Qs |/P— Qs P, P. JP/,
P, P,
- NP\ \n\|s
0 . Q. Q, i
“ t /P — Q/s /P — Qs
where ¢t and u do not appear in any
undischarged premise or assumption
NI NE | /n/[s] 0I | /n/[a) OE | /n/[a] /n/la]
st /a.s.t/ /a.s.t/
P(s) P(t)
n[0] /n/[t] /a.s.s/
P(t) P(s)

These are the rules for the base systems. DW takes all the rules but CL.
Roy’s FA systems drop the NI, NE, 0I and OE rules. FB systems are like DW
except that they may add CL. It is then possible to add from the following
in the natural way.
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oI |s.t oE | /0P/s AMp AMo | s.t AMT |s.t

s.t t.u
/P/ Y
JoP/, ¢ S.8 t.s S.u
where t does not ap-
pear in any undis-
charged premise or as-
sumption
AM11 | /s.tu/ /s.tau/ <Ela<b <'Ela<*b <'Ela<'d
/s.t.y/ /s.y.u/ P, P, P,
y.t.u y.t.u
Pb Fb Pb
NP/ NP/
NP/ NP/
AMY, | /a.b.x/ /a.b.x/ /a.x.b/ /a.x.b/
x.c.d z.c.d z.c.d z.c.d
b.c.y b.y.d b.cy b.y.d
/a.y.d/ /a.cy/ /a.y.d/ /a.c.y/
NP/ NP/ NP/ NP/
NP NPl NP/ NP/
AM12 |a.b.c a.b.c a.b.c a.b.c
y>a y>"a y>ta y<a
b.y.c c.by b.y.c c.by
NP NP NP/ NP/
NP NP NP/ NP/

where y does not appear in any undischarged premise or assumption and is not w
Though they will not play a natural role in most derivations, we also allow
the following rules for inclusion relations:

<E: a<b, bxy, nlaFxz<y;a<b, bry, ~nlaFazy
a<b azy nbtFz<y a<b azy, ~nbl Fbry

<*E: a<*b, bzy, nlal -z <y;a<*b, bay, ~nlaFazxy
a<*b,azy, nbFz<y; a<*b, azy, ~nb F bxy

<'E: a<tb bay nlaFz<y a<tb, bry, ~aa - azy
a<tb axy ablFz <y a<tb axy, ~ab - by
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Where I' is a set of unsubscripted formulas, let I'g be those same formulas,
each with subscript 0. Then,

VNR4 Tk, A iff there is an NR4x derivation of Ay from the members of
.

Examples. Here are some cases, with the first ones paired to illustrate
the match between derivations that do, and ones that do not, include the
NI, NE, 0I and OE rules.

A5 Hpw [(A— B)A(A—C)] —[A— (BAC)

111]0.1.2 A (g, —I)
2/ |[(A=B)A(A—C)
31 | n[0] NI
4 2.3.4 A (g, —I)
5 As
6 (A= B)AN(A—= Q)2 3,1,2 OE
7 (A — B)2 6 AE
8 B 4,75 —E
9 (A—C)2 6 NE
10 Cy 49,5 —E
11 (B A\ 0)4 NI
12| |[A—= (BAQ))2 4-11 —I
BI[A—=B)AA—-C)—=[A— (BAO)o 1-12 —I

(A= B)AN(A—=C) g A— (BAC)

1{(A=B)A(A—=C)o P
2110.1.2 A (g, —I)
3| A

41| (A — B)o 1 AE

5/ 1(A—C)o 1 AE

6| | B2 2,4,3 —-E
7| C2 2,5,3 —-E
8| | (BAC)2 6,7 AL
9|A— (BAC)o 2-8 —I
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A8 gy (A — _'B) — (B — —A)

—
o

—_
—_

1

A — =B hypa, B — A

1

[o B B e S

0.1.2
(A—-B)

n[0]
2.3.4
Ay
(A — —B)2
~B,
B3
—\A4
(B——A)

© 0N O Ok W [ R

(A— —-B)o

0.1.2
By
A
=B
By
—\A2
(B Ed ‘\A)O

2| (A— -B)— (B— —A)

o1

A (g, —I)

NI
A (g, —1)

A (¢, 1)
3,1,2 0E
4,76 —E
5R

6-9 —I
4-10 —I
1-11 —I

A (g, —I)

A (e, —I)
2,1,4 —E
3R

4-6 -1
2-7 —1



vy (FA— A) — A

1]1]0.1.2

21 | (FA— A

3| | n[0]

4 0.3.2

5 3.1.2

6 4>%3

7 1.4.2

8 —A,

9 SAs
10 —Ay4
11 As
12 —A,
13 As
14 As
15| | Ao

16| [(mA — A) — A]o
A — B gy, 0A — OB

(A i B)O
0.1.2
DP1
n[0]

2.3
DPQ
P
0.3.3
Qs

DQQ
(oP — 0Q)o

© 0 N > U w N =

—
o

—_
—_

A (g, —I)

NI
A (g, 1 AM11)

A (g, 5 AM12)

A (e, -E)
3,4,8 OE

6,9 <'E
7,2,10 —E

8 R

8-12 -E
5,6-13 AM12
1,4-14 AM 11
1-15 —I

P
A (g, =)

NI
A (g, ol)

4,2,3 OE
5,6 OE
401
8,1,7 —E
5-9 ol
2-10 —I

10 Many-Valued Modal Logics: K, (appendix)

This section is developed again in in terms as for section 7. This smooths

presentation, and applies to Priest as before.

10.1 Language / Semantic Notions

LK;, The VOCABULARY consists of propositional parameters pg, p1 ... with
the operators -, A, V, O, and ¢. Each propositional parameter is a



FORMULA; if A and B are formulas, so are =4, (AA B), (AV B), OA,
and 0A. A D B abbreviates ~AV B. If A is a formula so formed, so
is A.

Let /A/ and \A\ represent either A or A where what is represented

is constant in a given context, but /A/ and \A\ are opposite.

IK;, An INTERPRETATION is (W, R, h) where W is a set of worlds; R C
R? is a modal access relation; and hy(/p/) = 0 or hy(/p/) = 1.
Optionally interpretations are subject to,

exc for no p are both hy(p) =1 and hy(p) =0
exh for any p either hy(p) =1 or hy(p) =0

p Reflexivity: for all x, xMx.
o Symmetry: for all x, y if My then yMz.
7 Transitivity: for all x, y, z if e My and yMz then x M z.

We get Krp with ezh, and Kg3 with exc. Kppg has neither of these
constraints. We recover classical K with both. These logics may add
p, 0 and 7 in the natural way.

HK;, For complex expressions,

(=) hyw(/=P/)=1iff hyy(\P\) =0

(A) hyw(/PANQ/)=11iff hyy(/P/) =1 and hy,(/Q/) =1

(V) hy(/PVQ/)=1iff hyy(/P/)=1or hy(/Q/) =1

(0) hy(/OP/) = 1 iff there is no x € W such that wMz and
hz(/P/) =0

(0) hy(/0P/) = 1 iff there is some x € W such that wMx and
hy(/P/) =1

For a set I' of formulas, h,(I"') = 1 iff hy(/P/) =1 for each /P/ € T'; then,

VKy, T' |5, P iff there is no Kp, interpretation (W, R, h) and w such that
hy(I') = 1 but hy(P) = 0.
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10.2 Natural Derivations: NKj,

Derivations combine methods from modal and multi-valued logics in the
natural way. Allow subscripts to indicate worlds. (D) corresponds to exc

and (U) to ezh.

D|Ps
P,
U | P,
P
VI|/P/g
/PV Qs
I |/P/s
\Q\s
\P D Q\s
AMp
S.8
ol |s.t
/P/¢
/aP/g

where t does not appear in
any undischarged premise

or assumption

R|/P/s
/P/s
ANL|/P/
/Q/ s
/PNANQ/s
VI|/P/s
/QV P/
DE [\P D Q\s
/P
\Q\s
AMo | s.t
t.s
oE | /0P/s
s.t
/Py

-I| |/P/s -E||/-P/s
QN+ 1QN+
\\_‘Q\\t \\_‘Q\\t

\=P\g \ P\
ANE|[/PAQ/s ANE | /P AQ/s
/P/ /Q/ s

VE |/PV Q/s
/P/s
IR+
/Q/s
IR/
/RN
AMT | s.t
t.u
S.u
oI | /P/¢ OE | /0P/
s.t s.t
/P/t
/OP/ g
1QN
NN,

where t does not appear in
any undischarged premise
or assumption and is not uw

Every subscript is 0, appears in a premise, or in the ¢ place of an assump-
tion for OI or 0E. Where the members of I' and A are without overlines or
subscripts, let I'g be the members of I', each with subscript 0. Then,
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NK;, T l_NKLm A iff there is an NK, derivation of Ag from I'y.

We allow standard two-way derived rules (including MN) with overlines
and subscripts constant throughout. MT, NB and DS appear in the forms,

MT

Examples.

/P> Qs
\=Q\,

/=P/g

by different means.

NB|/P = qQ/,
\=P\,

/=Q/s

O0A A =0B by ©(ANA-B)

1

© o S T W N

—_
o

_ D
b

© 00 N O Ot kW

— =
= O

12

(DA A —‘B)o

DAQ

—\DBO

0= Bg
0.1
-B1

Ay

(AN-B):

O(A A ﬁB)o
O(A A —|B)0

(oA A -OB)o

DAO
| 0~(AA-B),

0.1
_‘Bl

Ar
(A AN —|B)1

B,

0Bo

—0By
—|D—\(A N —\B)o

|=an=B)

A =0B Fyppy "0 (AA—B)
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/P=Q/s
\-Q\s

/=P/s

1 AE
1 AE
3 MN

DS|/PVQ/s
\—P\g

/Q/s

A (g 40E)

2,5 0k

7,6 AL
5,8 ¢I

4,5-9 0E

1 AE

A (07 _'I)
A (g, al)
A (e, —E)

2,4 0E

6,5 Al
3 ok

5-8 —E

5-9 ol
1 AE

3-11 I

/PV Q4
\=Q\s

/P/s

The first couple cases are matched to show an equivalent result



0A hyg,,, O0A
1| |04
0.1

1.2

0.2
As
Az
0A;
0o0Ap
(oA D> ooA)

© 00 N O U W N

0(0A D B) Fykppg,, 0(A D OB)

1 E(OA D) B)o
2| |01

3 }1

4 1.2

5 2.1

6 0 A

7 0.2

8 (<>A D) B)Q
9 Bo
10 DB1
11| |(AD>oB)»
12|0(A D oB)o
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